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Abstract 

A new dark energy model, named as "agegraphic dark energy", has been proposed by one of 
us (R. G. Cai) in arXiv:0707.4049 , based on the Karolyhazy uncertainty relation, which arises from 
the quantum mechanics together with general relativity. Then, in larXiv:0707.4052 . it has been ex- 
tended by including the interaction between the agegraphic dark energy and the pressureless (dark) 
matter. In this note, we investigate the agegraphic dark energy models without and with interaction 
by means of statefinder diagnostic and w — w' analysis. 
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The cosmological constant problem is essentially a problem in quantum gravity, since the cosmologi- 
cal constant is commonly considered as the vacuum expectation value of some quantum fields. Before a 
completely successful quantum theory of gravity is available, it is more realistic to combine the quantum 
mechanics with general relativity directly. 

In general relativity, one can measure the spacetime without any limit of accuracy. However, in 
quantum mechanics, the well-known Heisenberg uncertainty relation puts a limit of accuracy in these 
measurements. Following the line of quantum fluctuations of spacetime, Karolyhazy and his collabora- 
tors [T] (see also [2]) made an interesting observation concerning the distance measurement for Minkowski 
spacetime through a light-clock Gedanken experiment, namely, the distance t in Minkowski spacetime 
cannot be known to a better accuracy than 

5t = xtyn^'^ (1) 

where A is a dimensionless constant of order unity. We use the units ?i = c = fcs = 1 throughout this 
work. Thus, one can use the terms like length and time interchangeably, whereas Ip — tp — l/nip with 
Ip, tp and nip being the reduced Planck length, time and mass respectively. 

The Karolyhazy relation H]) together with the time-energy uncertainty relation enables one to esti- 
mate a quantum energy density of the metric fluctuations of Minkowski spacetime [3 [2]. Following 
with respect to the Eq. ([T]) a length scale t can be known with a maximum precision 5t determining 
thereby a minimal detectable cell 5t^ ~ t^t over a spatial region t^ . Such a cell represents a minimal 
detectable unit of spacetime over a given length scale t. If the age of the Minkowski spacetime is t, then 
over a spatial region with linear size t (determining the maximal observable patch) there exists a minimal 
cell 5t^ the energy of which due to time-energy uncertainty relation can not be smaller than [3l [2] 

Est^^t-\ (2) 

Therefore, the energy density of metric fluctuations of Minkowski spacetime is given by [31 [2] 

^« ^ St^ ^ tlt^ ^ i2 ■ ^'^) 

We refer to the original papers [31 [5] for more details. It is worth noting that in fact, the Karolyhazy 
relation ^ and the corresponding energy density ([3|) have been independently rediscovered later for 
many times in the literature (see e.g. [3 ^ HO I BTj). 

In [H, one of us (R.G.C.) proposed a new dark energy model based on the energy density Eq. ((3]). 
As the most natural choice, the length measure t in Eq. ([3]) is chosen to be the age of the universe 

r da 

where a is the scale factor of our universe; H = d/ais the Hubble parameter; a dot denotes the derivative 
with respect to cosmic time. Therefore, we call it as "agegraphic dark energy" . The energy density of 
the agegraphic dark energy is given by [3] 

where the numerical factor Sn^ is introduced to parameterize some uncertainties, such as the species of 
quantum fields in the universe, the effect of curved spacetime, and so on. Since the energy density ([3]) is 
derived for Minkowski spacetime, the factor 3n^ also compiles the effects coming from the straightforward 
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application of Eq. ^ in the Fricdmann-Robertson- Walker (FRW) spacetime. Obviously, since the 
present age of the universe Tq ^ H^^ (the subscript "0" indicates the present value of the corresponding 
quantity; we set oq ~ 1), the present energy density of the agegraphic dark energy explicitly meets the 
observed value naturally, provided that the numerical factor n is of order unity. It is shown that 
the agegraphic dark energy naturally obeys the holographic black hole entropy bound OH], just like 
the holographic dark energy. In addition, by choosing the age of the universe rather than the future 
event horizon as the length measure, the drawback concerning causality in the holographic dark energy 
model [S] (see also e.g. U] for relevant references) does not exist in the agegraphic dark energy 
model [1]. The similarity and difference between the agegraphic dark energy and holographic dark 
energy are discussed in [H]. 

We consider a flat Friedmann-Robertson- Walker (FRW) universe containing agegraphic dark energy 
and pressureless matter, the corresponding Friedmann equation reads 

i/^^^(p™ + P,). (6) 

It is convenient to introduce the fractional energy densities = pi/{37ri^H'^) for i = m and q. From 
Eq. (O, it is easy to find that 

2 

n 

whereas flm = ^ — from Eq. By using Eqs. ((7| and the energy conservation equation 

Pm + SHpm = 0, we obtain the equation of motion for flq as 4 

n'g^ng{i~nq)(^3~^y/n^y (8) 

where a prime denotes the derivative with respect to the e-folding time = In a. From the energy 
conservation equation pq + 3H{pq+pq) = 0, Eqs. (O and ([7]), it is easy to find that the equation-of-state 
parameter (EoS) of the agegraphic dark energy Wq = Pq/ Pq is given by [1] 

w^9 = -l + |^V^- (9) 

In addition, differentiating Eqs. ([6|) and using Eqs. ([5|), ([7]), and the energy conservation equation 
Pm + SHpm = 0, we obtain the deceleration parameter as [5] 



m 2 2 

Notice that the scale factor a{t) can be explicitly expanded as 



a(t) = flo 



to 



around the present time t = to. Naturally, the next step beyond H = a/a and q = —d/{aH'^) is to 
consider a new geometrical quantity containing a. In fact, a so-called statefinder pair {r, s} has been 
introduced in [H], namely 

— " _ ^ ~ 1 

3(g-l/2)' 

where s is a combination of r and q. So, the coefficient of the third term in the Taylor's expansion of a(t) 
can be conveniently expressed as roH^/6. It is obvious that the statefinder is a geometrical diagnostic 
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because it depends only on the scale factor a. The well-known ACDM model corresponds to a fixed point 
{r = 1, s 0} in the r — s diagram [9 . Since different cosmological models exhibit qualitatively different 
trajectories of evolution in the r — s plane, the statefinder is a good tool to distinguish cosmological 
models [9]. In fact, the statefinder diagnostic has been extensively used in many models, such as ACDM, 
quintessence OHU], Chaplygin gas [mUn], DGP braneworld OHUI, interacting quintessence model [H 
[TB] , the holographic dark energy models without and with interaction [T31 [TS] , the holographic dark 
energy model in non-fiat universe [16j . quintom [17j . interacting phantom model [18j . five-dimensional 
cosmology [H], Cardassian model [2D], bulk viscous cosmology [21], tachyon [52], and so on. As shown 
in [TUl m], the statefinder diagnostic combined with the future SNAP observation can be used to 
discriminate different cosmological models. 




Figure 1: Evolution trajectories of the statefinder in the r — s plane for different model parameter n 
in the agegraphic dark energy model without interaction. The solid points indicate the present values 
of the statefinder. The statefiner for the ACDM model is a fixed point and is also indicated by a star 
symbol. 



In this note, we study the agegraphic dark energy by means of the statefinder diagnostic. By using 
the Friedmann equation, i.e. Eq. ([6|), and the Raychaudhuri equation 

H =-l^^{Pm+ Pq+Pq). (12) 

from the definitions Eq. (fTT|) , one can find that [H [TU] 



9^ 



r ^ \ + -^qWq{l + wq) - -Vlqw'q, (13) 



s = l + wq~-^. (14) 

6Wq 
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Differentiating Eq. ^ and using Eq. we get 




(15) 



One can solve Eq. ^ to get the i^q{z), where z is the redshift. Note that in the numerical integration 
of Eq. ^ we use the initial condition = 0.73. Substituting into Eqs. (US]), and IHl), the 
statefinder {r(z), s{z)} is in hand. In Fig. [TJ we show the evolution trajectories of the statefinder in the 
r — s plane for different model parameter n in the agegraphic dark energy model without interaction. 
While the universe expands, the trajectories of the statefinder start from the point {r = 1, s = 0} 
at z — > oo (i.e. a — > 0), then s increases to a maximum and r decreases to a minimum, after that 
the trajectories turn a corner and approach another final fixed points at z — > — 1 (i.e. a — > oo). In 
fact, from Eqs. © and (|15p . it is easy to see that — » — 1 and w'^ ^ while fig ^ when a ^ 0, 
thus r ^ 1 and s — > from Eqs. (fT3|l and (fT4|) . The agegraphic dark energy mimics the cosmological 
constant in the early stage. Similarly, one can also find out the final fixed point in the r — s plane. From 
Eqs. (HI) and (fTKj) . we find that Wq ^ —1 + 2/ {in) and ^ while fi, ^ 1 when a ^ oo, therefore 
r — > 1 + 2/n^ — 3/n and s ^ 2/(3n) at that time. From Fig. [H we see that the trajectories of the 
statefinder for different model parameter n can be significantly distinguished. The present value of s is 
smaller when n is larger. It is worth noting that the present values of the statefinder for the agegraphic 
dark energy model without interaction are fairly far from the one for the ACDM model, unless n is 
very large. Therefore, the statefinder diagnostic combined with the future SNAP observation can easily 
discriminate the agegraphic dark energy model without interaction from the ACDM model. 
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Figure 2: Evolution trajectories of {wq, w^} for different model parameter n in the agegraphic dark 
energy model without interaction. The solid points indicate the present values of {wg, w'^}- The 
{w, w'} of the ACDM model is a fixed point and is also indicated by a star symbol. 



In addition to the statefinder r — s which is a geometrical diagnostic, there is other dynamical 
diagnostic w — w' which is also used extensively in the literature. Similar to the scale factor, the 
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Taylor's expansion of the EoS reads w{N) = w{N = A^o) + w'{N - No)/2 + ... around N = iVo- 
So, the w — w' analysis is important to discriminate models. The w — w' analysis was first proposed 
in [21], and then was extended in [HI [55]. See e.g. [271[lHl[ini[3ni[3Il[31[ISl[IS] for relevant works, 
and a recent review can be found in |33j . The well-known ACDM model corresponds to a fixed point 
{w — ~1, w' — 0} in the w — w' plane. In the agegraphic dark energy model without interaction, the Wg 
and w'g are given in Eqs. © and Again, one can solve Eq. ^ to get the ^q{z), and then obtain the 
'Wq{z) and w'q{z). In Fig. [21 we show the evolution trajectories of {wq, w'^} for different model parameter 
n in the agegraphic dark energy model without interaction. While the universe expands, the trajectories 
start from the point {wq = — 1, = 0} at z — ^ oo (i.e. a 0), then w'^ increases to a maximum, after 
that the trajectories turn a corner and approach another final fixed points at z ^ — 1 (i.e. a oo). 
As mentioned above, when a 0, the agegraphic dark energy mimics a cosmological constant. From 
Eqs. jni and ([Tsj) . one can find that Wq ^ —1 + 2/(3ri) and ^ when a ^ oo. From Fig. [2 we 
see that the trajectories of {wq, w'^} for different model parameter n can be significantly distinguished. 
The present Wq is smaller and the present w'^ is larger when n is larger. In addition, we can clearly see 
that Wq is always larger than —1 and cannot cross the phantom divide w = —I, cf. Eq. Q. 

In [S], we have extended the original agegraphic dark energy model by including the interaction 
between the agegraphic dark energy and the pressureless (dark) matter. We assume that the agegraphic 
dark energy and pressureless (dark) matter exchange energy through interaction term Q, namely 



Pq + 3H (pq+ Pq ) 
Pra + 3i7pm = Q, 

which preserves the total energy conservation equation ptot 



-- -Q: (16) 

(17) 

-?>H{ptot+Ptot) = 0. From Eq. ©, we get 



(18) 



Differentiating Eq. © and using Eqs. ([T7]) . ^ and ([7]), it is easy to find that 



3/2 



Therefore, we obtain the the equation of motion for il„ as 



(19) 



^'q^^q 



where 



If Q = 0, Eq. ([2DD reduces to Eq. 
dark energy as 

where 



{i-nq) (3--7r!g) -Qi 



Qi 



(20) 



(21) 



From Eqs. ([TBI) . ® ([7]), we get the EoS of the agegraphic 
2 



Wq = -1 + -^V ^9 ~ 



Q2 = 



Q 



3Hpq 



(22) 



(23) 



Again, if Q = 0, Eq. ([^ reduces to Eq. ©. By using the total EoS Wtot = Ptot/ Ptot = -1 - f = 
— l/3 + 2g/3 and Wtot = ^qWq, we find that 

- + - 
2 2 



9=0+ 7;^qWq. 



(24) 
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Here, it is also of interest to study the interacting agegraphic dark energy model by means of 
statefinder diagnostic and w — w' analysis. From the definition Eq. pip , it is easy to find that 

r=j^-3q-2. (25) 

From Eqs. (HH), (fTB|) and (|17p. after some algebra, we have 

if 9 9 3 3 

Jp = 2^ 2^<}^<1^^<1 + 2) - if^qW'q + l^QlWq. (26) 

Substituting Eqs. ([24]) and ((261) into Eq. ([25]), we finally obtain that 



9 3 3 

r = 1 + -Q.qWq{l + Wq) - -^qW'g + -QlWq. (27) 



From the definition Eq. (HIl) and Eqs. ^7}i, it is easy to find that 

' = ^ + ^^-P^ + Sh- (28) 

6Wq 3S2q 

If Q = 0, Eqs. (I27| and ([28]) reduce to Eqs. and ([14]). ft is worth noting that the forms of r and s in 
Eqs. (HH) and ([15]) are derived only by using the general Friedmann equation, Raychaudhuri equation, 
and Eqs. and p?]) with a general interaction Q, and do not depend on any particular dark energy 
model. Therefore, the forms of r and s in Eqs. ((27|) and (I28p can be used in any interacting dark energy 
model, while the subscript "g" is changed to the corresponding "c?e". In fact, one can check that the r 
and s in e.g. [T^ [TS] are the special cases of our Eqs. and ((25)) in particular cosmological models 
with particular forms of interaction Q. 

In our interacting agegraphic dark energy model, to calculate the statefinder, we also need the w'^ 
in Eqs. ^ and From Eqs. dH]) and we have 



3n 



il-flq) l3--^q] -Q 



Q'2- (29) 



If the interaction Q is specified, we can solve Eq. (|20|) to obtain rig(z). Then, we get the statefinder {r, s}. 
In fact, there are many different forms of interaction Q in the literature (see e.g. [311 133 [33 E3 EH] and 
references therein). For convenience, here we only consider a particular interaction form Q = 3aHpq, 
where a is a dimensionless constant. Therefore, in this case, 

Qi = SaQq, Q2 = a, Q^, 0. (30) 

In principle, a can be positive or negative. However, as pointed out in [S], the cases with positive a 
have physically richer phenomena. Thus, in this work, we only consider the cases with a > 0. In Fig. [3 
we show the evolution trajectories of the statefinder in the r — s plane for different model parameters 
n and a in the interacting agegraphic dark energy model. While the universe expands, the trajectories 
of the statefinder start from the point {r ~ 1, s — 0} when a — > 0, then s increases to a maximum and 
r decreases to a minimum, after that the trajectories turn a corner and approach another final fixed 
points when a ^ 00. From Eqs. ([77]) — (|30p . it is easy to find that r ^ 1 and s ^ while ilq ^ when 
a — > 0, whereas r ^ 1 + 2/n^ — 3{1 + a) / n and s ^ 2/ (3n) while fig — > 1 when a — > cx). From Fig. [3 we 
see that both n and a significantly affect the evolution trajectories of the statefinder in the r — s plane. 
In addition, the present values of the statefinder for the interacting agegraphic dark energy model are 
fairly far from the one for the ACDM model, unless n is very large. Therefore, the statefinder diagnostic 
combined with the future SNAP observation can easily discriminate the interacting agegraphic dark 
energy model from the ACDM model. 
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Figure 3: Evolution trajectories of the statefinder in the r — s plane for different model parameters n 
and a in the interacting agegraphic dark energy model. The solid points indicate the present values 
of the statefinder. The statefiner for the ACDM model is a fixed point and is also indicated by a star 
symbol. 




Figure 4: Evolution trajectories of {wq, w'g} for different model parameters n and a in the interacting 
agegraphic dark energy model. The solid points indicate the present values of {Wg, w'^}. The {w, w'} 
of the ACDM model is a fixed point and is also indicated by a star symbol. 
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Using Eqs. and (I29p . it is easy to obtain the evolution trajectories of {wq, w'^} for different 
model parameters n and a in the interacting agegraphic dark energy model. We present the results 
in Fig. m While the universe expands, the trajectories start from a fixed point when a — > 0, then w'^ 
increases to a maximum, after that the trajectories turn a corner and approach another final fixed points 
when a oo. From Eqs. (|22|) and ([29ll . it is easy to find that Wg ^ —1 — a and w'^ ^ while ilq ^ 
when a — > 0, whereas Wq — f — a + 2/ {in) and — > while — + f when a — > oo. Again, from 
Fig.m we see that both n and a significantly affect the evolution trajectories of {wq, w'q] in the Wq — w'^ 
plane. The most important observation from Fig. [5] is that Wq crossed the phantom divide w = —1 for 
the cases with a ^ 0, which is impossible in the agegraphic dark energy model without interaction [8] 
(cf. Fig. [5]). The interaction significantly changes the situation. 

In summary, we investigated the agegraphic dark energy models without and with interaction by 
means of statefinder diagnostic and w ~ w' analysis in this work. Both the statefinder {r, s} and 
the {wq, w'q} can be extracted from some future astronomical observations, especially the SNAP-type 
experiments [TOIIIS]. Therefore, they can be used to discriminate different cosmological models. In 
this work, our results suggest that the future SNAP observation can easily discriminate the agegraphic 
dark energy model from the ACDM model. In addition, since both the model parameters n and a 
significantly affect the evolution trajectories in the r — s and Wq — w'q planes, the future astronomical 
observations can also discriminate the agegraphic dark energy models with different parameters. 

After all, we admit that although the statefinder diagnostic and w — w' analysis are commonly 
believed to be useful tools to discriminate different cosmological models [ini [22 HI] , there are still some 
different attitudes (see [12] for instance) . We hope that the future cosmological observations which are 
more precise can shed new light on this issue. 
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